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Outline

@ Motivation and Background
© Sequential OED via density-based transport maps

© Predictive OED via sample-based transport maps

@ Outlook
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Motivating examples

(sciencefriday.com)

@ Models for real-world problems involve unknown/unobservable inputs

@ Accurate simulation/prediction requires knowledge of unknowns
Inverse problem: Given model + observations, estimate unknown

o Data is noisy, sparse, expensive to obtain
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Motivating examples

(sciencefriday.com)

@ Models for real-world problems involve unknown/unobservable inputs
@ Accurate simulation/prediction requires knowledge of unknowns
Inverse problem: Given model + observations, estimate unknown
o Data is noisy, sparse, expensive to obtain
Optimal experimental design (OED):

How to acquire data to optimally estimate the unknown?
e.g., where to drill wells, where to place sensors. . .

Karina Koval (Hberg) TM-BOED 3/24



Bayesian inverse problems with design

m € R™: unknown parameters

e € &: design parameters

n(e) ~ N(0,F(e)): noise

o
o
d(e) = F(m,e) + n(e) @ JF: parameter-to-observable map
o
o d(e) € R?: data

Bayesian approach: prior m ~ m(m), Bayes' rule ~» design-dependent
posterior

m(mle,d) o« £(d|m, e) x(m),
£(d|m, e) o exp [-%H]—"(m,e) - dH%(e)—l]
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Bayesian optimal experimental design

Goal: choose design e to maximize information in data

e" = argmax V(e), V(e) = Eqje[Drr(m(-|e,d)[|m(-))]

ecé

V is a complicated function of intractable densities
@ 7(mle,d) intractable, high-dimensional
@ Many evaluations of W required for optimization
© PTO map F expensive (PDE solves)

This talk: Transport map approaches in two BOED settings:

1: Sequential design 2: Design for prediction

Infer m over K experiments Infer a Qol g = G(m).

Access to density Sample access only (density-free).
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© Sequential OED via density-based transport maps
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Greedy sequential design of experiments

S¥ R S¥ R

k=1 k=2

Designs chosen in sequence (stages k = 1,...,K)

Previous results Hx_; = [e1,dy, ..., e, 1,dk_1] guide next choice

Stage k prior: stage k — 1 posterior m(m|H_1)

Greedy approach: maximize incremental EIG at each stage
e, = argmax Wi(er), Wi(er) = Eq,je, m,_, [PrL(m(:|ex, di, Hi1)[|m(-[Hk-1))]

ere€
Additional challenges in the sequential setting
@ Both m(m|ex,dk, Hxk—1) and w(m|Hk_1) intractable, high dimensional

@ W, must be optimized quickly (designs often time-sensitive)
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Transport maps

un~op X~ T

7T(u)

I
x

@ T couples reference p (standard Gaussian) and target 7

o Key: given 7, can evaluate and sample 7 cheaply

u~p = T(u)=x~m
w(x) = (T)ep(x) = po T H(x)|IVT *(x)|
p(u) = (T)r(u) = (w0 T)(u)| VT (u)
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sOED via iEIG surrogate

Let 751 s.t. (T* 1) m(ulHk_1) = p(u)

Using properties of the KL divergence and results from Li et al.*:

[ Vi(er) < WYPB(ey) := Llogdet(l+ H(er, T571)) ]

H(e,, T 1) =E, [VTk_l(u)TV]-'(m, e, ) T(ex) *VF(m, ek)VTk_l(u)}

@ WUB easier to evaluate using Monte Carlo than W

@ Use W'B to guide design selection

Key question: How to construct sequence of maps 71, ... efficiently?

*Li et al., 2024, Thm. 9.
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Amortised inference via conditional transport
Knothe—Rosenblatt (KR) rearrangement: unique lower-triangular map

S=T1
SXI(Xl)
Sx2|xl (Xla X2)
S(X): ) = u, X~T = ur~p
an‘xlznfl(xl’ e ,X,,)

@ Components defined via conditional CDFs of @ ~+ triangular structure
exposes conditionals 7(x|X1:x—1)
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Amortised inference via conditional transport
Knothe—Rosenblatt (KR) rearrangement: unique lower-triangular map

S=T7"

SX1(X1)
SX2|X1 (Xla X2)
S(x)=|. =u, X~T = unr~p

an‘xl:nfl(xl’ s ’X")

@ Components defined via conditional CDFs of @ ~+ triangular structure
exposes conditionals 7(xy|X1.k—1)

In our setting: Build KR map over data and parameters while experiment k is
being conducted,

Tio(w) = [ﬁ(”")

st (T ~ m(dy, mle;, Hy_
m|d(ud,um)] ( "’m)ﬁp m(di, mley, Hi1)

Once data dy collected, immediately restrict:

THC) = Toa((TE)7Hde), ) = (T~ m(mlHy)
Bulk of computation done while waiting for data
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Constructing T via tensor train (TT) decomposition!
KR components require evaluating CDFs of 7(xk|X1.4—1)

Approximate 7 via TT decomposition
N
Vi)~ g(x) = [[Gi(x), mrpoxg’
i=1

Gy(x1) Ga(x2) G (xk) Gr+1(Xk+1) Gy—1(xn—1) G

n(xv)
0000 X o000 X X o000 X o0 X X oo0000 X o
Ry R, ®00® R, 9080 R, ®® Ry_, ®®®00 - . ©®
(X X)) (X X)) LX) (XXX X °
XX XX Rest (XXX X °
Ry Ry Ry—_1 °

@ Separable form enables evaluation of CDFs ~» T = S™1

@ Built using cross interpolation methods*

» Requires evaluations of m (PDE solves)

» TT ranks R control accuracy: Dy(m,p) <€

» Cost: O(N R?) PDE solves, N = n+d — expensive for large n and R
*Oseledets and Tyrtyshnikov, 2010.

tCui, Dolgov, and Zahm, 2023.
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Scalable construction of T
Challenge: Building ’7;’fm requires O(N R?) PDE solves, expensive for large N, R
(i) Preconditioning: T4 =R§ 1o Ok

ﬂ—dk m

\ ' (R¥)?

(Ta5n)s = (R¥ o Qk)

@ Consecutive posteriors are close ~» use 7*~! as preconditioner RK~1

@ OF corrects a small residual ~ much lower TT ranks (R) needed
(ii) Likelihood-informed subspace (LIS):*

@ g~ differs from p along only r < n directions = build Q¥ in R9*"

@ Dimension reduction via SVD of H(e;, T+~ 1)

@ Significantly lower dimension N, < N

*Cui and Zahm, 2021; Li et al., 2024.
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Numerical example — Photoacoustic imaging

Optic PDE: Acoustic PDE:

1126 — V- (K(112) V) = 0 inQ, pu/c2—Ap=0 in Q x (0, T],

o/m+K(11.)Vé - n/2 = S(e1) on T, p(t=0) = poler, /1) in 2,
p(t=0)=0 in Q,
Vp-n—p/c=0 onl x(0,T]

@ e;: location of light source
(top or bottom)

@ & chooses one sensor,
d(e) e R®

o 11, = exp(m),
[R3969 S5 m~ N(mo, Cmm) /l?

......................... SRR A
Goal: Choose location e, and illumination source e; for optimal inference of 1,
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sOED results

Posterior mean comparison:

e > -
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Evaluation of designs:
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@ N =500 samples used to
approximate

UB
wk

@ Dimension of m, n = 3969

@ LIS size r < 50 for all k
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© Predictive OED via sample-based transport maps

Karina Koval (Hberg)

TM-BOED



What changes when the goal is prediction?
So far: Sequential inference of m with density-based KR/TT maps.

@ Often, estimating m is not the ultimate goal

@ Inferring m is a step toward predicting a quantity of interest (Qol)
q=g(m)
Two key differences:

© Objective. Maximize information about q, not m:

W(e) = IEd|e [DKL(T‘-q\d,e| |7TCI)]

© Access. Predictive densities 7q, Tq|d,e; Td|q,e INtractable
—> iEIG bound & previous map construction not feasible

What we do have: Sampling from the joint 7, g|c is easy
m’' ~ T, d' ~ L(-|m’ e), q' = G(m')
~> Need a density-free way to estimate and optimize W
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Estimating the predictive EIG via transport maps

Rewrite the predictive EIG as an entropy difference:

V(e) = h(dle) — Eq[h(d|a,e)], h(x) = —Ex [logm(x)]

How to estimate h(d|e), h(d|q, e) from samples {(q’,d")}¥ | ~ 74 gc?
Given (S9°);p ~ mgje, (SU%%(q,-))sp ~ Tajq.e. this is easy:

h(dle) = g log(rae)] ~ — D log ((59°)sn(d)) = L(s9)

i=1
]ECI [h(d|q7e)] = 7Eq,d\e [Iog(ﬂd|q7e)] ~ L(Sdlq’e)

Un(e) = L(S9°) — L(S49*)

L(S) is exactly what’s used to train transport maps from samples!
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Properties of the loss-based EIG estimator

Error bound: Estimator error controlled by map approximation quality,

~Dr (7ael|(SI)sp) < W(e) —W(e) < Eq[Dic (majell(SI9)ep)]

W(e) = ~Eqp [108((S)sp)]| +Ea e [l08((SU°):p)]

A(dle) —Eq[h(d|a,e)]

@ Estimator is neither an upper nor lower bound

@ Improve the maps = improve the estimate

Map parametrization:
@ We use a TT-based parametrization for both maps

@ Richer parametrization = better map approximation = tighter EIG estimate

Karina Koval (Hberg) TM-BOED 18 /24



EIG surrogate over the design space

Treat design e as an additional input to the maps. A single training run ~~
surrogate valid over the entire design space:

0 Samples (eiv qivdi) ~ Te,q,d
(e',m") ~ T, d' ~ L(-|m', '), ¢’ = G(m’)
@ Train SY°(e,d) and SUl9¢(e, q,d) once on this joint dataset

Evaluating \TJN(e) at any new design:
@ Generate data at e using the trained map:
Z~p o di(e)=8""(e,q,2) ~ (d,d(e)) ~ mqape

o Evaluate Wy (e) = L(S9l°) — L(S919¢) on samples {(e,q’, d(e))}

Karina Koval (Hberg) TM-BOED
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Example 1: scalar nonlinear model
Scalar model*
d=e’m®+ mexp(—[0.2 —e|) +7n, m~U([0,1]), 1~N(0,107%)
Qol is the unknown m itself; design e € [0, 1] continuous.
Compared with NMC estimator

Nout Nin
1 . o
Wnmc(e) = Nows > ['0€5(d'|e, m') — log ( > " L(d]e, m"-’)>:|

i=1 j=1

—=== NMC, N=10k
=== TM,N = 2k
—-= TM, N = 10k
—— True EIG

3.7

3.6

@ Wy built with N = 2000, 10000
@ Wnne built with Ny Nowt = 10000 per e

@ 50 runs of each

*Huan and Marzouk, 2013. ¢
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Example 2: PDE-based problem

How to inject a tracer to best predict the discharge out of boundary g?*
“DAC+V - (v(m)e) = F(e) @ m: source term field (high-dim.)
v(m) = —kVp(m) ®qg= fr -ndS
=V (kVp) =m @eec [0.2,0.8]2: source location

c(e, m)
48 0.40
12 0.35
45 0.75 030
30 0.25
24 0.50 020
18 015
12 0.25 0.10
0.6 0.05
0.0 (), 00 0.00

*Neuberger, Alexanderian, and Bloemen Waanders, 2025.
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Example 2: PDE-based problem EIG estimate

@ N = 10000 samples used to build Wy(e) valid for all e
@ Sanity check using KDE-based estimator using 10000 samples per e

\I"N \I}KDE
0.9
1.050 =
08
0.925 =3
0.800 507
®
0.675 £
§06
0.550 w
Sos
" 0.425 s
-4 o
P rand 0.300 04
0.175
03
0.050 = =
0.2

optimal € € €mng
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@ Outlook
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Summary

Transport maps are a powerful, flexible tool for OED — key ideas used
across very different design problems:

@ A cheap EIG surrogate: map losses or upper bound replaces expensive
nested-loop EIG estimation

@ Amortized inference: conditional (triangular) transport grants access to
any conditional through single map

Problem structure dictates how the maps are built:

@ What can you access?

> Density evaluations ~» TT decomposition + cross interpolation (SOED)
» Samples only ~~ minimize an empirical loss (predictive OED)

@ High dimensions ~~ dimension reduction (LIS / low-rank) for scalability

@ Sequential design ~~ preconditioning with the previous-stage map
Current work: sequential design for prediction, combining both approaches
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Sequential Bayesian inference with design — details

Stage k inverse problem:

di(ex) = F(m, ex) +n,(er)

@ Current knowledge: m(m|Hk_1), Hxk_1 =[ei,dy,... e  1,dk_1]

@ Bayes' rule ~~ update:

7r(m|ek,dk, Hk—l) X E(dk|m, ek)w(m|Hk_1)
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IEIG upper bound — accuracy

uB
Wy
02 04 06 08

NMC
Vi

02 04 06 08

02 04 06 08

@ 100 samples for H; 10000 samples for nested Monte Carlo (NMC)
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Further sOED comparisons

6
0.8% ¢
L] 5 [ ]
T | ¢ .
0.6
o ] ¢ . 4 o % L
. <
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y ’
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@ Blue squares: Gaussian approximation to each posterior
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TT approximation, some details
Given arbitrary g: X = R, with X = X1 x X x ... X X,

g(x) = g(x) = G1(x;) - -- Gk(x«) - - - Gnlxn), (1)

TT cores: Gy: Xj — R'1%" represented using my basis functions
{(;5(5) my
k Je=1

my
[Gk(Xk)],-’j = ZQSE(K)(Xk)Ak[/’,f,J'], A, c R k—1XMicXric_
=1

o Coefficients Ay are chosen via interpolation to control L;
approximation error: ||g — g||1,

. . . ‘ .
@ Given collocation points {X,E ) o1, TT cross iterates over cores and
computes Ay by ensuring:

g(x(j)) — g(x(j)) vxU) e Xoks

for a set Xk~ of cardinality rx_1myry.

Karina Koval (Hberg) TM-BOED 24 /24



TT approximation, some details

@ Procedure for choosing sets X~ very technical, but uses ideas
similar to cross approximation for matrices...

2D example: Consider u(x1, x2) evaluated on a grid of values collected into
matrix

r [ A ]
U=~ g Gi,aHaJ ~
a=1

Cross interpolation methods find G and H without computing SVD
@ Instead, find best interpolation indices Z, J

U= UG T)U-YT, TU(T,)
i ——]

@ Requires maximizing |det (U(Z,J))| - NP hard!

@ Instead alternate between finding Z and J - approximates optimal
indices

Karina Koval (Hberg) TM-BOED
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Functional TT cross

Grouped coordinates: x<x = (x1, 2, . .

S Xk—1)y Xk = (Xkg1, o0y Xd—1, Xd)

Left and right interpolation sets: 7., = {xg)k L Tsk = {xgi}jjl

[ExEE|

Xl((r—l)

Iterate to next sets:

Discretize xx: 7(Z<k, Xk, J>k)
for all xx € Ty

Teks1 = MaxVol C Ty ® Ty
Tskr1 = {X(;'Lrl}fﬂ

k — k + 1, move to the xxi1.

k = d, switch direction and up-
date J-«.

Stop if converged, repeat other-
wise.

O(dr?) function evaluations.

TT cross: [Oseledets, Tyrtyshnikov, '10], [Gorodetsky, Karaman, Marzouk, '18]
Empirical interpolation: [Maday, Chaturantabut, Sorensen ...]
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Overall procedure

Tdy,mle; ,Hi_1
TH —

iEIG surrogate |
Tk=1 €
arg max WB(ey)

p

amortized inference

At each stage k:

QIfk=1:T"=1Z
Else: Obtain data dx_1, restrict 7%71(-) = 7:"1‘|;1((7;k_1)’1(dk_1), )

@ e = argmax } logdet (1 + H(ex, T¥1)); obtain LIS Uy from H(e;, T 1)
ul = (preconditioning + while waiting for data
@ Build 7 ditioning + LIS) while waiting for d

A few other tricks...
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Map construction
What do we want?

o Invertible expressive map S: RY — RY with cheap Jacobian

Our choice: Compose d scalar maps, each mapping one coordinate to

reference

S=RotioRo---oRoty_10Roty
(tx: acts on last coordinate, identity on rest; R: cyclic shift)
Each ty is a functional TT with built-in monotonicity:

n

te(x) =Y 0(G1(xa) - Gyo1(xa-1)f;)  ci(xq)

i=1

~
>0, TT coefficients /" monotone

Key properties:
@ Jacobian at each step is a scalar: |0tx/0x4|

@ Training: sequential, one scalar optimization per coordinate
o Cost per component: O(d - n- r?), linear in d

Karina Koval (Hberg) TM-BOED
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Estimating the predictive EIG via transport maps

From loss-based training to entropy estimation: Target 7, fit Sp = 7}_-_1 so
that (Sg)sp &~ mx by minimizing D (7||(SF)p)

@ Given samples x' ~ 7y, achieved by minimizing empirical loss:

LF) = 3 Yo tog [(SPpt)] T LF) ~ hlx) =~y [log(n ()]

Karina Koval (Hberg) TM-BOED 24 /24



Outlook: sequential design for prediction

Naturally combining two threads from today:
sequential structure + density-free, goal-oriented estimation
@ Goal: choose designs over stages to maximize information about a Qol q

Vi(e) = Ed‘kal [DKL(WMd»e,Hka||7TQ|H/<71)]

> Needs samples (d’(e),q’) ~ 7qdjen, , at each stage

@ How to generate these samples? Learn 7y, ,, push through G +
likelihood

> Extending ideas from sOED: LIS (& important for q?) + preconditioning
> Open question: m is just intermediate, EIG needs only the low-dim joint
Tq,dle,H,_;--- Can we bypass it? What maps should we learn?

@ Bias correction: samples generated with imperfect, incremental maps ~~
importance weighting / debiasing to keep samples on target
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